Laplace Transfoy,

INTRODUCTION o
Pierre-Simon Laplace was the first one to use the. LaP]?Ce‘ "ans.ﬂ;:;:;;: :lis :‘;"’Sll‘"()iprobab,“
wrote extensively about the use of generating functions In Essanl;i/ed natira?l our es pmbabilités.
published in 1814, and the integral form of the Laplace tran'sf()rm ef\zothias Lerch )’O“v es;;lt_ The theo
was further developed in the 19th and early 20th centurl.es by Ma . rch, Oliver ea_vxsxde, an

ordinary and partial differential equations, Whigh

Thomas Bromwich. It is a powerful technique to solve . _
. D . i ression that can be sim
transforms the differential equation into an elementary algebraic exp ply tl'ansformed

back into the solution of the original problem.

1. LAPLACE TRANSFORM

The Laplace transform of a function /'(¢) for £ 2 0 is denoted by
following equation

L[/ (9] or by F(s), and is defined by the

LIf@l= Fe&)= [ SO dt (L)
0

The above integral defining the Laplace transform is an improper integral that may converge or
diverge, depending on the integrand. If the integral defined by equation (1.1) is convergent then it is sajq
that the function f () possesses a Laplace transform, otherwise the transform diverges. The parameter g
belongs to some domain (the set of all possible inputs for the function.) on the real line or in the complex
plane and is chosen appropriately so as to ensure the convergence of the Laplace integral (1.1). In 5

mathematical and technical sense, the domain of s is quite important. However, in a practical sense, when

differential equations are solved, the domain of s is mostly ignored.

1.1. CONDITIONS FOR LAPLACE TRANSFORM TO EXIST

The Laplace transform of a function /() exists only if the function is
(/) An arbitrary piecewise continuous function in every finite interval and f (#) = 0 for all negative
values of ¢
(i)) of exponential order.
Here the function f'(¢) is said to be piecewise continuous function on the interval [0, «) if

a. lim f(@)= f(07) exists and

_ 1—07
b. f (1) is continuous on every finite interval (0, b) except at a finite number of discontinuities.
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Example L1 Find the Laplace (ransform of the function f (0 =1-
Solution. The Laplace gransform of f(N= | is given @
oo . e-st e—oo__e—o ‘»-\
F(s)= Il.e—“ dt = Ie St = m— = —.———;""’—K --;\ =
0 0
Note that the transform is defined only if $ 2 0, otherwise it diverges:
he Laplace transform of the function fn= 1.

Example 1.2. Find t
= pis given 8

Solution. The Laplace ¢ransform of f(1)
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The transform is defined only if s > 0 .
Example 1.3. Find the Laplace transform of the function £ (7)
Solution. The Laplace transform of /(1) = ¢’ is given as

=",

ol

o0 oo ”—l it 14
oo n _—St n|t .e e
e nfon=1,=slg—0 +— n-1
F(s) = fl".e_""df=" L____I + _._.f( e T'dt=0 + r ( pe + \__Itn‘z -u )
s s s e |
0 0 0 0 dr |

0
J
T s s s3 € “dr
0 0
Proceeding in a similar way one gets
“n-st _n!“_, _ n! _s’°°=— n! _F(n+1
ft.e dt-—-—n—fe sdt__snﬂe L $7 © —‘Tl)
0 S0 S

The transform is defined only if s > 0

2
Example 1.4. Find the Laplace transform of the function f (t)=e"

. - 2 . .
Solution. The Laplace transform of f()=e " is given as

ra ? _2
F@s) = f e e dt = f et ar
0 0

In order to complete the square of the term 2 + st, add and subtra

ct 5%/4 to the exponent;
that the above integral could be rewritten as ponential tem g,

2
oo —(12+sl+—-—) s? 52 o ( )2 2
g . S Kl
F) = [e e d e"fe _ 7 n
0 0

. et 2 ‘
Here the integral formula fo e dx=-@ has been utilized.

Example 1.5. Find the Laplace transform of the function £ (1) = e if it exists,

Solution. The Laplace transform of a function js given by equation F(s)

= J. f(t)e ¥ dr, using
S(©) = e, one gets 0

oo

F(s) = f ea’e_s'dt = J' e (s—a) dt
0 0

O ——_—_
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Hence the Laplace transform of £(f) does not exists.
B&"M Find the Laplace transform of f(f)=cos at.
Solution. The Laplace transform of a function is given by

F(s)= j 1@ e Sdt, substituting f(f) = cos at, one gets
0
o < iat —iat _ . at o —iat
9= [eos ar ¢ = j‘[f_““ze__) i &usmg wsa= 4
0
0

) 1 'oo _(s—fa)’ + e—(id"'s)l)dt
= -2-.([(e

: ; 1 \

1 e F )\ --‘—( 1 +0- s+ia)=7 S—ia
4 - s+ia 2 s—ia

2 s—ia 0

| s+ia+s—ia ___ S __

=— - 2 2
2 s2+a2 s“+a

Alternatively
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Example 1.8, Find the Laplace transform of f () = sin af. H%.

oo

Solution. The Laplace transform of a function is given by F (s) = J.f(’)e_ﬂd’

0
Substituting /(r) = sin at, one gets
oo oo efa]_e—ia’ —st usi . iag
F(s)= fsin at e *'dr =f — | ¢ dt NE SN ar < € ~ oy, \
0 0 \,‘

J

- ilrf(e-—(s—ia)t_e—(ia+s)t) dt

1 e (s—iay e—(ia+s)l ”___]‘( _ 1 O 1 )_- 1 1
27| s-ia | s+ia 0— 2i s—ia s+ia) 2 (}T;;~\'\)

S+ig
_ 1 s+ia-s+ia _ _a
2i 52+ a2 2+ a2
- : sin ¢
Example 1.9. Find the Laplace transform of f(7) = i

Solution. The function JS(= = :1 d can be written in the expanded form as

2n+l 2n

sint 1 e
_’—‘; -D" (2n+l)' Z( b (2n+l)’

The Laplace transform of the function is given as

F(s) _ fsnl —s[dt_fz( ]) (2 +l)’ —J‘ld,_Z( 1) (2 +l)' J’t2ne Sfdt

0 0 n=0
Using fx”e"‘”‘dx = ﬂ%—';l—), one gets
a

0

-i(—lf” 1 T (@2n+l) Z (-1)" TQ@n+l) Z 1" (2n)

@n+D)! g2 0(2nt1)! g2l £ (2n+1)! g2l

n_ntl

fj =" =tan"'(l) | using tan”~ x—z 2),,+1

By T s 0
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Example 1.11. Find the laplace transform of e
sinh
Solution. The Laplace transform of 5 fu .n l

Substituting f(¢) = e sinbt, one gets

F(s) = Ie—at sinbt e~ gy
0

elbl _ e—;bx

Using . sin bt = % the above equation can be rewritten as

o0
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0
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