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lsomorphicGraph i T RN R R et S
Let G, = (V|, E\) and G, = (V,, E,) be two graphs. A function /= V|, -V, is called a graphs:

isomorphism if (a) fis one-to-one onto and (b)foralla,b eV, {a,b} e E, ifand only if {fta), f(b)} € . |

E,. When such a function exists, G, and G, are called isomorphic graphs and is written as G =G, L
Example 18. Show that the two graphs shown in figure are'i$°m°'l5hic ; P
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ﬂ - Here, V(G))={1,2,3,4}, V(G,)= {a,b,c,d}, E(G)={{1,2},{2;3}, {3,4}} and E(Gy)= {{asb, -
(b tde)) QTR R RSN KA & o o e el

i Define a function /: V(G,) — V(G,) as

S()=a,f)=b,/(3)=dandf(4)=c. :

) fis clearly one—one and onto, hence an i_somorphism.q X

3 Further, ;

{1,2} € E(G))and {/(1),1(2)} = {a, b} € E(G,) |
{23} € E(G))and {/(2),/(3)} = {b,d} € E(G,) % o N Caed SLE s S
{3,4} € E(G))and 3).f@)} = {d, c} E.E(Gz) , Ty - ‘ ':-i’ii,l 1 i
and : P Sy
{1,3} ¢ E(G))and {f(1),/(3)} = {a,d} ¢ E(G,)
{14} & E(GI)'and {7(1),/(4)} —T-{_a, cl e E(G,) e
{24} ¢ E(G))and {/(2),/(4)} = {b,c}2 E@G,). - SR e T e R
Hence fpreserves adjacency as well as non-adjacency of the vertices. Therefore G, and Gz are A i
isomorphic. g . iy o SRRt p L N by Tl
We hereby give some'example's of isomorphic graphs. Y I
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'Flg. 13.23. Isomorphic pairs of graphs ! - P

It is not always an easy task to detennine whether or not two given graphs are isomorphic.
However, we can prove that two graphs are not isomorphic by showing that they do not sharea i
property that-isomorphic graphs must both have, such a property is called an invariant, Since an -
ismorphism is a one to one onto function between vertex sets, isomorphic graphs have the same = -

y

numbers of vertices. Many other properties are shared by isomorphic graphs. -

Suppos'e ¢: G, G, is an isomorphism from a graph G, to G,. If v is a vertex of degree km _.'_'
G,andif v|,v,,....., v, are the vertices adjacent to v, then, in Gy,¢ (v) is adjacent to the & vertices¢(v)),
¢ (v))......6 (v,), but to no other vertex. Thus, the degree of ¢ (v) is also . 1t follows that isomorphic

graphs have the same degree sequences and hence also the same numbers of edges, since the = -
number of edges in a graph is one half the sum of the vertex degrees. g A

If G, and G, are isomorphic graphs, then G, and G, have the k

* same number of vertices, - ' e

* same number of edges, and

* same degree scquences. SRR T , SR

If any of these quantities differ in two graphs, they can not be isomorphic, However these
conditions are by no means sufficient. For instance, the two graphs shown in Fig, 13.24 satisfy all’ Ay
three conditions., yet they are not isomorphic. That the graphs in Fig. 13.24 () and () are not
isomorphic can be shown as follows : if the graph in Fig. 13.24 () were to be isomorphic to lh'e one e
in (b), vertex x must correspond to y, because there are no other vertices of degree three, r‘xlo\y_‘m_ (b).0o %
there is only one pendant vertex, w, adjacent to y, while in (@) there are two pendant vertices, u and - .
v, adjacent to x, . P el e, b b R
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F'rg. 13.24 Tm graphs that are not ;somcrphic _ :
Almoqu e\er;. kniown algorithms to test whether two graphs are 1somorpmc reqmres expo- o ;
ne’mai or factorial time in the worst case, there are algorithms that can determine whether a pairof -
" graphs is isomorphic in linear time in the average case. Finding a simple and efficient criteria for e
detection of isomorphism is an imporiant unsolved problem in graph theary. :

N A ST o I A T i e

Example 19. Foreach pair of graphs shown, either label memphssoastoe.‘c;bxtanxsoporphlsm g
or explain why the graphs are not isomorphic. . ) u.\ g %
(@ ()] R EaYs
E
(i) :
®
: i)
(©) '
= v
()
ti » @

Solution : (a) The graphs are not isomorphic because (i) hﬁs five edges and (") has four ed““ L
(b)the g ,_,raphs are isomorphic, as shown by the labelhng S ST

- Scanned \'/vith‘ 'CamS»cahn‘er
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