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Superposition of Harmonic Oscillation
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I'his also signifies that in one complete cycle modulated amplitude takes values of 2a,

3 4 N '
0, -2a, 0 and 2a for w4t = O,E,Tt.-i'land 2m, respectively. Resultant oscillation can

| 2
be wrnitten as
X(t) = a4 (t) COS W, t

This equation looks like the equation of SHM. But this resemblance is misleading.
Modulated amplitude and phase constant are respectively provided by:

Amod () = [a;% +a,° + 2a,a; cos(2wmodt)]'/?
And Bmog = [(a1 — a2) SiN Wpeq t/(a; + a2 COS Wieq B)]

1.6 Superposition of many harmonic oscillations of same frequency (method of
vector addition)

This method is based on fact that displacement of the harmonic oscillation is
projection of the uniform circular motion on diameter of circle. Thus, it 1s significant
to understand connection between SHM and uniform circular motion.

Uniform Circular Motion and SHM

Let us assume that a particle moves in the circle with constant speed V. Radius vector
joining centre of circle and position of particle on the circumference will rotate with
the constant angular frequency. We take x-axis to be along the direction of radius
vector at time t = 0. Then angle made by the radius vector with x-axis at any time t
will be given by

Figure 1.3: uniform circular motion
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Superposition of Harmonic Oscillation
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Figure 1.4

Therefore, point P executes simple harmonic motion along axis. If you project OP' on

y-axis, you will find that point corresponding to the foot of the normal satisfies
equation

y = ag sin(wgt + P)

This signifies that rotating vector can, in general, be resolved in two orthogonal
components, and we can write

I =Xx+Yy

When x, and yy are unit vectors along x-and y-axes, respectively.
Vector Addition:

Let us Now consider superposition of n harmonic oscillations, all having same
amplitude a, and angular frequency w,. Initial phases of successive oscillations differ

by ®,. Let first of these oscillations be defined by equation

x;(t) = ap cos wyt

Then, other oscillations are provided by:
X,(t) = agcos(wot + Pg) ... .- X, (t) = ag cos[wgt + (n — 1)P]
From principle of superposition, resultant oscillation is expressed by

x(t) = ag[cos wyt + cos(wyt + 2®p) + -+ cos(wot + (n — 1)®y)]

1.7 Superposition of Two Mutually Perpendicular Harmonic Oscillations of

same Frequency
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Superposition of Harmonic Oscillation

AS we can, equation (3) is an equation of ellipse. Thus, we may conclude that the
resultant motion of the particle is along an elliptical path.

Equation (3) shows that x remains between -A land A2 and that of y remains
hct:wecn A2 and A2. Thus, the particle always remains inside the rectangle
defined by

5 Aland y= $+A,

The ellipse given by equation (3) is shown in the figure 1.5:

Figure 1.5: Elliptical path followed by a particle on which two independent SHMs, which are
perpendicular to each other, act simultaneously

Special Cases

e The two component SHMs are in phase, & = 0
e The two component SHMs are out of phase, 6 = n
e The phase different between the two component SHMs, 6 = n/2

Let us now obtain the resultant motion of the particle under the special cases.
(a) When the two superposing SHMs are in phase, 6 = 0 and equation (3) reduces to
3 ol
Xt ARy
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Equation (5) is an equation of a straight line passing through the origin and having a
- A

slope tan™* (- ;—f-) - I'he figure below shows the path followed by the particles. The

particle moves on one of the diagonals (shows by denoted line)f the rectangle.

Figure 1.7 : The straight line path traced by the resultant motion of the particle when the phase
difference, 8§ =n

Equation (5) can also be obtained directly on the basis of equation (1) and (2) and
putting & = . Further, the displacement of the particle on the particle on this straight

line path at a given time 1s

r= Jx2 +y? = J(4; sinwt)? + (4, sin(wt + 1))

= J(A, sinwt)? + (—4;sinwt)? = [A] + Ajsinwt
Thus. we can see that the resultant motion is also SHM with the same frequency as

the component motions. The amplitude of the resultant SHM 1s \/Azl + Ag!-
(c) When the phase di fference between the two component SHM is & =w/2.
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